Abstract. We construct examples of Bach-flat gradient Ricci solitons which are neither half conformally flat nor conformally Einstein.
Introduction
Let (M, g) be a pseudo-Riemannian manifold. Let f ∈ C ∞ (M ). We say that (M, g, f ) is a gradient Ricci soliton if the following equation is satisfied: (1) Hes f +ρ = λ g , for some λ ∈ R, where ρ is the Ricci tensor, and Hes f = ∇df is the Hessian tensor acting on f . A gradient Ricci soliton is said to be trivial if the potential function f is constant, since equation (1) reduces to the Einstein equation ρ = λg. Besides being a generalization of Einstein manifolds, the main interest of gradient Ricci solitons comes from the fact that they correspond to selfsimilar solutions of the Ricci flow ∂ t g(t) = −2ρ g(t) . Ricci solitons are ancient solutions of the flow in the shrinking case (λ > 0), eternal solutions in the steady case (λ = 0), and immortal solutions in the expanding case (λ < 0). Gradient Ricci solitons have been extensively investigated in the literature (see for example the discussion in [11] and the references therein). Classifying gradient Ricci solitons under geometric conditions is a problem of special interest.
The gradient Ricci soliton equation codifies geometric information of (M, g) in terms of the Ricci curvature and the second fundamental form of the level sets of the potential function f . The fact that the Ricci tensor completely determines the curvature tensor in the locally conformally flat case has yielded some results in this situation [14, 27, 30] . Any locally conformally flat gradient Ricci soliton is locally a warped product in the Riemannian setting [21] . The higher signature case, however, allows other possibilities when the level sets of the potential function are degenerate hypersurfaces [7] . Generalizing the locally conformally flat condition, fourdimensional half conformally flat (i.e., self-dual or anti-self-dual) gradient Ricci solitons have been investigated in the Riemannian and neutral signature cases [6, 16] . While they are locally conformally flat in the Riemannian situation, neutral signature allows other examples given by Riemannian extensions of affine gradient Ricci solitons.
gradient Ricci solitons are exhibited in Theorem 5.3. Finally, we specialize this construction in Section 7.1 to provide some illustrative examples.
Preliminaries
Let (M n , g) be a pseudo-Riemannian manifold with Ricci curvature ρ and scalar curvature τ . Let W denote the Weyl conformal curvature tensor and define W [ρ](X, Y ) = ij ε i ε j W (E i , X, Y, E j )ρ(E i , E j ), where {E i } is a local orthonormal frame and ε i = g(E i , E i ). Then the Bach tensor is defined by (see [2] )
where div is the divergence operator. Let S = ρ − τ 2(n−1) g denote the Schouten tensor of (M, g). Let the Cotton tensor, C ijk = (∇ i S) jk − (∇ j S) ik ; it provides a measure of the lack of symmetry on the covariant derivative of the Schouten tensor. Since div 4 W = − n−3 n−2 C, the Bach and the Cotton tensors of any four-dimensional manifold are related by B =
The Bach tensor, which is trace-free and conformally invariant in dimension n = 4, has been broadly investigated in the literature, both from the geometrical and physical viewpoints (see for example [15, 18, 20] and references therein). It is the gradient of the L 2 functional of the Weyl curvature on compact manifolds. The field equations of conformal gravity are equivalent to setting the Bach tensor equal to zero and it is also central in the study of the Bach flow, a geometric flow which is quadratic on the curvature and whose fixed points are the vacuum solutions of conformal Weyl gravity [3] .
Besides the half conformally flat metrics and the conformally Einstein ones, there are few known examples of strictly Bach-flat manifolds, meaning the ones which are neither half conformally flat nor conformally Einstein (see, for example, [1, 23, 26] ). Motivated by this lack of examples, we first construct new explicit four-dimensional Bach-flat manifolds of neutral signature.
Riemannian extensions.
In order to introduce the family of metrics under consideration, we recall that a pseudo-Riemannian manifold (M, g) is a Walker manifold if there exists a parallel null distribution D on M . Walker metrics, also called Brinkmann waves in the literature, have been widely investigated in the Lorentzian setting (pp-waves being a special class among them). They appear in many geometrical situations showing a specific behaviour without Riemannian counterpart (see [8] ).
Let (M, g, D) be a four-dimensional Walker manifold of neutral signature and D of maximal rank. Then there are local coordinates (x 1 , x 2 , x 1 ′ , x 2 ′ ) so that the metric g is given by (see [31] )
where "•" denotes the symmetric product ω 1 • ω 2 := 1 2 (ω 1 ⊗ ω 2 + ω 2 ⊗ ω 1 ) and (g ij ) is a 2 × 2 symmetric matrix whose entries are functions of all the variables. Moreover, the parallel degenerate distribution is given by
A special family of four-dimensional Walker metrics is provided by the Riemannian extensions of affine connections to the cotangent bundle of an affine surface. Next we briefly sketch their construction. Let T * Σ be the cotangent bundle of a surface Σ and let π : T * Σ → Σ be the projection. Let p = (p, ω) denote a point of T * Σ, where p ∈ Σ and ω ∈ T * p Σ. Local coordinates (x i ) in an open set U of Σ induce local coordinates (x i , x i ′ ) in π −1 (U ), where one sets ω = x i ′ dx i . The evaluation functions on T * Σ play a central role in the construction. They are defined as follows. For each vector field X on Σ, the evaluation of X is the real valued function ιX : T * Σ → R given by ιX(p, ω) = ω(X p ). Vector fields on T * Σ are characterized by their action on evaluations ιX and one defines the complete lift to T * Σ of a vector field X on Σ by X C (ιZ) = ι[X, Z], for all vector fields Z on Σ. Moreover, a (0, s)-tensor field on T * Σ is characterized by its action on complete lifts of vector fields on Σ.
Next, let D be a torsion free affine connection on Σ. The Riemannian extension g D is the neutral signature metric g D on T * Σ characterized by the identity [29] ). They are expressed in the induced local coordinates (x i , x i ′ ) as follows
where D Γ ij k denote the Christoffel symbols of D. The geometry of (T * Σ, g D ) is strongly related to that of (Σ, D). Recall that the curvature of any affine surface is completely determined by its Ricci tensor ρ D . Moreover, the symmetric and skew-symmetric parts given by
Let Φ be a symmetric (0, 2)-tensor field on Σ. Then the deformed Riemannian extension, g D,Φ = g D + π * Φ, is a first perturbation of the Riemannian extension. A second one is as follows. Let T = T k i dx i ⊗ ∂ x k be a (1, 1)-tensor field on Σ. Its evaluation ιT defines a one-form on T * Σ characterized by ιT (X C ) = ι(T X). The modified Riemannian extension g D,Φ,T is the neutral signature metric on T * Σ defined by (see [10] )
where Φ is a symmetric (0, 2)-tensor field on Σ. In local coordinates one has
The case when T is a multiple of the identity (T = c Id, c = 0) is of special interest. It was shown in [10] that for any affine surface (Σ, D), the modified Riemannian extension g D,Φ,c Id is an Einstein metric on T * Σ if and only if the deformation tensor Φ is the symmetric part of the Ricci tensor of (Σ, D). Moreover, a slight generalization of the modified Riemannian extension allows a complete description of self-dual Walker metrics as follows.
Theorem 2.1. [10, 19] A four-dimensional Walker metric is self-dual if and only if it is locally isometric to the cotangent bundle T * Σ of an affine surface (Σ, D), with metric tensor
where X, T , D and Φ are a vector field, a (1, 1)-tensor field, a torsion free affine connection and a symmetric (0, 2)-tensor field on Σ, respectively.
As a matter of notation, we will write
we want to emphasize some special coordinates. We will let φ k = ∂ ∂x k φ and φ k ′ = ∂ ∂x k ′ φ to denote the corresponding first derivatives of a smooth function φ.
2.2.
Gradient Ricci solitons and affine gradient Ricci solitons. Let (M, g, f ) be a gradient Ricci soliton, i.e., (M, g) is a pseudo-Riemannian manifold and f ∈ C ∞ (M ) is a solution of equation (1) for some λ ∈ R. The level set hypersurfaces of the potential function play a distinguished role in analyzing the geometry of gradient Ricci solitons. Hence we say that the soliton is non isotropic if ∇f is nowhere lightlike (i.e., ∇f 2 = 0), and that the soliton is isotropic if ∇f 2 = 0, but ∇f = 0.
Non isotropic gradient Ricci solitons lead to local warped product decompositions in the locally conformally flat and half conformally flat cases, and their geometry resembles the Riemannian situation [6, 7] . The isotropic case is, however, in sharp contrast with the positive definite setting since ∇f gives rise to a Walker structure. Self-dual gradient Ricci solitons which are not locally conformally flat are isotropic and, moreover, they are described in terms of Riemannian extensions as follows. Moreover any such gradient Ricci soliton is steady and the potential function is given by f = h • π for some h ∈ C ∞ (Σ) satisfying the affine gradient Ricci soliton equation (6) Hes
The previous result relates the affine geometry of (Σ, D) and the pseudoRiemannian geometry of (T * Σ, g D,Φ,0 ), allowing the construction of an infinite family of steady gradient Ricci solitons on T * Σ for any initial data (Σ, D, h) satisfying (6) . It is important to remark here that the existence of affine gradient Ricci solitons imposes some restrictions on (Σ, D), as shown in [9] in the locally homogeneous case.
Bach-flat modified Riemannian extensions
The use of modified Riemannian extensions with T = c Id allowed the construction of many examples of self-dual Einstein metrics [10] . One of the crucial facts in understanding the metrics g D,Φ,c Id is that the (1, 1)-tensor field T = c Id is parallel with respect to the connection D. Hence, a natural generalization arises by considering arbitrary tensor fields T which are parallel with respect to the affine connection D.
Let (Σ, D, T ) be a torsion free affine surface equipped with a parallel (1, 1)-tensor field T . Parallelizability of T guaranties the existence of local coordinates (x 1 , x 2 ) on Σ so that
for some real constants T Proof. In order to compute the Bach tensor of (T * Σ, g D,Φ,T ), first of all observe that being T parallel imposes some restrictions on the components T j i as well as on the Christoffel symbols of the connection D:
Then, expressing the Bach tensor
and where the coefficients B 11 , B 12 and B 22 can be written in terms of d = det(T ) and t = tr(T ) as follows:
Suppose first that the Bach tensor of (T * Σ, g D,Φ,T ) vanishes. We start analyzing the case T 1 2 = 0. In this case, the expression ofB in Equation (8) reduces to
If T 2 2 = T 1 1 , we differentiate the component B 11 in Equation (8) twice with respect to x 2 ′ to obtain T 2 1 T 1 1 = 0. Thus, either T 2 1 = 0 and T is a multiple of the identity, or T 1 1 = 0 and, in such a case, T is determined by T ∂ 1 = T 2 1 ∂ 2 and therefore it is nilpotent. If T 2 2 = T 1 1 , then Equation (9) implies that T 2 2 = −T 1 1 . In this case, we differentiate the component B 22 in Equation (8) twice with respect to x 2 ′ and obtain T 1 1 = 0. Thus, as before, T is nilpotent. Next we analyze the case T 1 2 = 0. We use Equation (7) to express
Considering the componentB 11 in Equation (8),
we analyze separately the vanishing of each one of the three factors inB 11 . Assume that T 2 2 = T 1 1 . In this case, componentB 12 in Equation (8) 
; since we are assuming that T 1 2 = 0, then either T 2 1 = 0 or T 2 1 = 0 and T 1 1 = 0. If T 2 1 = 0, the only non-zero component of the Bach tensor is given by
, from where it follows that T 1 1 = 0 and hence T is determined by T ∂ 2 = T 1 2 ∂ 1 and is nilpotent. If T 2 1 = 0 and T 1 1 = 0, then we differentiate the component B 12 in Equation (8) with respect to x 1 ′ and x 2 ′ to get T 1 2 T 2 1 = 0, which is not possible since both T 1 2 and T 2 1 are non-null. Suppose now that T 2 2 = −T 1 1 . In this case, we differentiate the component B 22 in Equation (8) twice with respect to x 1 ′ and as a consequence we obtain T 1 2 (T 1 2 T 2 1 + (T 1 1 ) 2 ) = 0; since we are assuming T 1 2 = 0, it follows that
. Thus, the (1,1)-tensor field T is given by
, and therefore it is nilpotent as well. Finally, suppose that (
. Now, we differentiate the component B 22 in Equation (8) twice with respect to x 1 ′ to obtain T 1 2 (T 1 1 + T 2 2 ) = 0. Thus, we have that T 2 2 = −T 1 1 and T is given by
, which again implies that T is nilpotent. To conclude the proof we show the "only if" part. If T is a multiple of the identity, then (T * Σ, g D,Φ,T ) is self-dual by Theorem 2.1 and therefore it has vanishing Bach tensor. Thus, we suppose T is parallel and nilpotent and, in this case, we can choose a system of coordinates (x 1 , x 2 ) such that T is determined by T ∂ 1 = ∂ 2 and T ∂ 2 = 0. Hence, examining Equation (8) where T ∂ 1 = ∂ 2 , T ∂ 2 = 0 and it follows from (7) that the Christoffel symbols of D satisfy
In such a case the one-dimensional distribution ker T (= span{∂ 2 }) is parallel and ∂ 2 is a geodesic vector field, thus showing Assertion (i). Moreover, the Ricci tensor of any affine connection given by (10) satisfies
from where it follows that the symmetric and the skew-symmetric parts of the Ricci tensor are given by
Hence ρ D sym is either zero or of rank one. Moreover, a straightforward calculation of the covariant derivative of the symmetric part of the Ricci tensor gives
the other components being zero. This shows that ρ D sym is recurrent, i.e., Dρ D sym = η ⊗ ρ D sym , with recurrence one-form
which proves (ii).
Remark 3.4. It follows from the expression of ρ D sk in the proof of Proposition 3.3 that any connection given by (10) 2 11 , and the recurrence one-form ω is given by (12) ω = ∂ū1(ln ∂ū2ūΓ
Further assume that T is a parallel nilpotent (1, 1)-tensor field on (Σ, D). Then a straightforward calculation shows that its expression in the coordinates (ū 1 ,ū 2 ) is given by T ∂ū1 = T 2 1 ∂ū2 and T ∂ū2 = 0, for some Proof. Let (x 1 , x 2 ) be local coordinates on Σ so that T ∂ 1 = ∂ 2 , T ∂ 2 = 0, and consider the induced coordinates (x 1 , x 2 , x 1 ′ , x 2 ′ ) on T * Σ. A straightforward calculation shows that the Ricci tensor of any nilpotent Riemannnian extension g D,Φ,T is determined by x 2 ) be local coordinates on Σ so that T ∂ 1 = ∂ 2 , T ∂ 2 = 0, and consider the induced coordinates (x 1 , x 2 , x 1 ′ , x 2 ′ ) on T * Σ. A straightforward calculation shows that the Cotton tensor of (T * Σ, g D,Φ,T ) is given by Let (T * Σ, g D,Φ,T , f ) be a gradient Ricci soliton with potential function f ∈ C ∞ (T * Σ). Let (x 1 , x 2 ) be local coordinates on Σ so that T ∂ 1 = ∂ 2 , T ∂ 2 = 0, and consider the induced coordinates (
, it follows from the expression of the Ricci tensor in Theorem 4.1 and the metric tensor (5) that f = ιX + h • π for some h ∈ C ∞ (Σ) and some vector field X on Σ. Set
, from where it follows that
, one has that X = A(x 1 )∂ 1 + (P (x 1 ) + x 2 A ′ (x 1 ))∂ 2 for some smooth function P (x 1 ). Next the component
shows that A = 0 and it reduces to Hes
= 0 either vanishes identically (and hence X = 0) or it is nowhere zero, in which case ∂ 2 D Γ 1 11 = 0 (see the proof of Theorem 6.1). In the later case Proposition 3.3 shows that the Ricci tensor of (Σ, D) is symmetric and thus recurrent of rank one.
Since we are mainly interested in the case when ρ D sk is non-zero, the next theorem examines the simpler situation when X = 0 and f = h • π. Proof. Taking local coordinates on T * Σ as above and setting f = h • π, one has that Hes f (∂ 1 , ∂ 1 ′ ) + ρ(∂ 1 , ∂ 1 ′ ) = λg(∂ 1 , ∂ 1 ′ ) leads to λ = 0, which shows that the soliton is steady. A straightforward calculation shows that the remaining non-zero terms in the gradient Ricci soliton equation are given by
. It immediately follows from the equation (Hes f +ρ)(∂ 1 , ∂ 1 ) = 0 that ∂ 2 h = 0, which shows that dh(ker T ) = 0. The only remaining equation now becomes
, from which Equation (13) follows. Moreover, it also follows from the form of the potential function that ∇f = h ′ (x 1 )∂ 1 ′ , and thus ∇f 2 = 0 (equivalently the level hypersurfaces of the potential function are degenerate submanifolds of T * Σ), which shows that the soliton is isotropic.
Remark 4.4. The tensor field D ijk = C ijk + W ijkℓ ∇ ℓ f introduced in [13] plays an essential role in analyzing the geometry of Bach-flat gradient Ricci solitons. Local conformal flatness in [12, 13] follows from D = 0, which is obtained under some natural assumptions.
Gradient Ricci solitons in Theorem 4.3 satisfy ∇f = h ′ (x 1 )∂ 1 ′ . Then, a straightforward calculation shows that D is completely determined by
, the other components being zero. Hence it follows from the proof of Proposition 3.3 that the tensor field D vanishes if and only if the Ricci tensor ρ D is symmetric. However Theorem 5.1 shows that (T * Σ, g D,Φ,T ) is never locally conformally flat. Further observe that, since the soliton is isotropic, ∇f does not give rise to a local warped product decomposition unlike the Riemannian case. 
Therefore, the integrability condition becomes ∂ 2 ρ D (∂ 1 , ∂ 1 ) = 0. Hence, it follows from (11) 
Half conformally flat nilpotent Riemannian extensions
The existence of a null distribution D on a four-dimensional manifold (M, g) of neutral signature defines a natural orientation on M : the one which, for any basis u, v of D, makes the bivector u∧v self-dual (see [17] ). We consider on T * Σ the orientation which agrees with D = ker π * , and thus selfduality and anti-self-duality are not interchangeable. The following result shows that they are essentially different for nilpotent Riemannian extensions.
Theorem 5.1. Let (Σ, D, T ) be an affine surface equipped with a parallel nilpotent (1, 1)-tensor field T . Then
is recurrent with symmetric Ricci tensor of rank one. In the later case there exist local coordinates (u 1 , u 2 ) where the only non-zero Christoffel symbol is u Γ 2 11 and the tensor field T is given by T ∂ u 1 = ∂ u 2 , T ∂ u 2 = 0. Moreover, (T * Σ, g D,Φ,T ) is antiself-dual if and only if the symmetric (0, 2)-tensor field Φ satisfies the equations:
where DΦ(X, Y, Z) = DΦ(T X, T Y ; T Z), ω is the recurrence oneform given by Dρ D = ω ⊗ ρ D , and ω(X) = ω(T X).
Proof. A direct computation using the expression of the anti-self-dual curvature operator of any four-dimensional Walker metric obtained in [19] shows that, for any nilpotent Riemannian extension g D,Φ,T , W − takes the form
thus showing that the anti-self-dual Weyl curvature opertor W − is nilpotent and hence (T * Σ, g D,Φ,T ) is never self-dual, which proves (i).
Next we show (ii). Let (M, g) be a four-dimensional Walker metric (3) and set the metric components g 11 = a, g 12 = c and g 22 = b, where g ij are functions of the Walker coordinates (x 1 , x 2 , x 1 ′ , x 2 ′ ). Then the self-dual Weyl curvature operator takes the form (see [19] Since any anti-self-dual metric is Bach-flat, we proceed as in the proof of Theorem 3.1 considering local coordinates (x 1 , x 2 ) on the surface Σ such that T is determined by T ∂ 1 = ∂ 2 and T ∂ 2 = 0. Since T is parallel, the Christoffel symbols must satisfy (10), i.e.,
we analyze the self-dual Weyl curvature operator, which is completely determined by the scalar curvature and its components W + 11 and W + 12 already described in equations (17) and (18) . The scalar curvature is zero by Theorem 4.1, and W
, from where it follows that the Ricci tensor ρ D is symmetric of rank one and recurrent (see Remark 3.4). Take local coordinates (u 1 , u 2 ) as in Remark 3.4 so that the only non-zero Christoffel symbol is u Γ 2 11 and T ∂ u 1 = ∂ u 2 , T ∂ u 2 = 0. Finally, we compute the component W + 11 given by (17) in the coordinates (u 1 , u 2 , u 1 ′ , u 2 ′ ) of T * Σ, obtaining
Thus (T * Σ, g D,Φ,T ) is anti-self-dual if and only if
, from where (14) follows.
5.1. Anti-self-dual gradient Ricci solitons. Half conformally flat gradient Ricci solitons are locally conformally flat in the Riemannian setting. The same result holds true in neutral signature for non-isotropic ( ∇f 2 = 0) gradient Ricci solitons (see [6, 16] ). Isotropic half conformally flat gradient Ricci solitons are not necessarily locally conformally flat, and they are realized on Walker manifolds [6] . However, although the self-dual ones were already described in Theorem 2.2, no explicit examples of strictly anti-selfdual gradient Ricci solitons were previously reported. In order to construct the desired examples we firstly specialize Theorem 5.1 to get the following anti-self-dual nilpotent Riemannian extensions. 
is an anti-self-dual gradient steady Ricci soliton which is not locally conformally flat.
Moreover, there exist local coordinates (u 1 , u 2 ) on Σ so that the only nonzero Christoffel symbol is given by u Γ 2 11 = α(u 1 ) + u 2 β(u 1 ) and the potential function h(u 1 ) is determined by h ′′ (u 1 ) = −2β(u 1 ), for any α, β ∈ C ∞ (Σ).
Proof. First of all, note that (T * Σ, g D, Φ,T , f = h • π) is a gradient Ricci soliton by Proposition 4.5. Anti-self-duality follows from Proposition 5.2. Next, since the Ricci tensor is symmetric, Remark 3.4 shows that it is recurrent. Take local coordinates (u 1 , u 2 ) on Σ as in Remark 3.4. Then (Σ, D, T ) admits an affine gradient Ricci soliton with potential function h such that dh(ker T ) = 0 if and only if h(u 1 , u 2 ) = S(u 1 ) for some S ∈ C ∞ (Σ) and (Hes
Hence the integrability condition ∂ 22 u Γ 2 11 = 0 is equivalent to u Γ 2 11 = α(u 1 ) + u 2 β(u 1 ) for some α, β ∈ C ∞ (Σ) and h ′′ (u 1 ) = −2β(u 1 ).
Conformally Einstein nilpotent Riemannian extensions
A pseudo-Riemannian manifold (M n , g) is said to be (locally) conformally Einstein if every point p ∈ M has an open neighborhood U and a positive smooth function ϕ defined on U such that (U ,ḡ = ϕ −2 g) is Einstein. Brinkmann [5] showed that a manifold is conformally Einstein if and only if the equation (19) (n − 2) Hes ϕ +ϕ ρ − 1 n {(n − 2)∆ϕ + ϕ τ }g = 0
has a positive solution. Besides its apparent simplicity, the integration of the conformally Einstein equation is surprisingly difficult (see [25] and references therein for more information). It was shown in [22, 24] that any four-dimensional conformally Einstein manifold satisfies
where the conformal metric is given byḡ = e 2σ g. 
Proof. Let (x 1 , x 2 ) be local coordinates on Σ so that T ∂ 1 = ∂ 2 , T ∂ 2 = 0, and consider the induced coordinates (x 1 , x 2 , x 1 ′ , x 2 ′ ) on T * Σ. Since T is parallel, and we obtain directly from Equation (7) that
In order to analyze the conformally Einstein equation (19) consider the symmetric (0, 2)-tensor field E = 2 Hes ϕ +ϕ ρ − 1 4 {2∆ϕ + ϕ τ }g and set E = 0. Let E ij = E(∂ i , ∂ j ) and let ϕ ∈ C ∞ (T * Σ) be a solution of (19) . Then one computes
to show that any solution of (19) must be of the form (21) ϕ
for some smooth functions A, B and ψ depending only on the coordinates (x 1 , x 2 ). This shows that any solution of the conformally Einstein equation on (T * Σ, g D,Φ,T ) is of the form ϕ = ιX + ψ • π, where ιX is the evaluation of a vector field X = A∂ 1 + B∂ 2 on Σ, ψ ∈ C ∞ (Σ) and π : T * Σ → Σ is the projection. Now, the conformally Einstein condition given in Equation (19) can be expressed in matrix form as follows:
where positions with * are not written since the matrix is symmetric, and where (22) ; note that ∂ 2 ′ E 14 = −2A, and therefore A(x 1 , x 2 ) = 0, which shows that X ∈ ker T . Now component E 13 in Equation (22) gives ∂ 2 B = 0, which implies B(x 1 , x 2 ) = P (x 1 ) for some smooth function P depending only on the coordinate x 1 , i.e., the vector field X = B∂ 2 satisfies tr(DX) = 0.
At this point, the conformal function ϕ has the coordinate expression
and the possible non-zero components in Equation (22) are E 11 , E 12 , E 22 and E 14 . Considering the component E 14 = 2(P ′ (x 1 ) + D Γ 1 11 (x 1 , x 2 )P (x 1 )), we distinguish two cases depending on whether the function P vanishes identically or not. Indeed, if P (x 1 ) is a solution of the equation E 14 = 0, then
for some smooth function Q(x 2 ). Now, if the function Q(x 2 ) vanishes at some point, then P (x 1 ) = 0 at each point. Otherwise, if Q(x 2 ) = 0 at each point, so is P (x 1 ).
First, suppose that P (x 1 ) ≡ 0, and hence ϕ = ψ • π. In this case, component E 22 in Equation (22) yields ∂ 22 ψ = 0, which implies ψ(x 1 , x 2 ) = Q(x 1 )x 2 + φ(x 1 ) for some smooth functions Q and φ depending only on the coordinate x 1 . Now, the only components in Equation (22) which could be non-null are
. Now, ∂ 2 ′ E 11 = 2Q, implies Q = 0, thus showing that dϕ(ker T ) = 0. Then E 12 = 0 and the component E 11 reduces to
, φ must be non-null and we obtain that E 11 = 0 is equivalent to
Finally, we analyze the case in which the function P (x 1 ) does not vanish identically. Since E 14 = 2(P ′ (x 1 ) + D Γ 1 11 (x 1 , x 2 )P (x 1 )), we have ∂ 2 D Γ 1 11 = 0. Now it follows from Remark 3.4 that the Ricci tensor ρ D is symmetric of rank one and recurrent. Specialize the local coordinates (u 1 , u 2 ) on Σ so that the only non-zero Christoffel symbol of D is u Γ 2 11 (u 1 , u 2 ) and T ∂ u 1 = ∂ u 2 , T ∂ u 2 = 0. Then any solution of the conformally Einstein equation takes the form Hence a curve γ(t) = (x 1 (t), x 2 (t), x 1 ′ (t), x 2 ′ (t)) is a geodesic if and only if x 1 (t) = 0 ,ẍ 2 (t) − x 2 ′ (t)ẋ 1 (t) 2 = 0 , x 1 ′ (t) + 2 x 2 ′ (t)ẋ 1 (t)ẋ 2 ′ (t) + 1 2 h (3) (x 1 (t))ẋ 2 (t) 2 = 0 , x 2 ′ (t) − h ′′ (x 1 (t)) x 2 ′ (t)ẋ 1 (t) 2 − h (3) (x 1 (t))ẋ 1 (t)ẋ 2 (t) = 0 . Thus x 1 (t) = at + b for some a, b ∈ R and x 2 (t) − a 2 x 2 ′ (t) = 0 , x 2 ′ (t) − h ′′ (at + b) a 2 x 2 ′ (t) − h (3) (at + b) aẋ 2 (t) = 0 .
x 1 ′ (t) + 2a x 2 ′ (t)ẋ 2 ′ (t) + 1 2 h (3) (at + b)ẋ 2 (t) 2 = 0 , Now the first two equations above are linear and thus x 2 (t) and x 2 ′ (t) are globally defined. Finally, sinceẍ 1 ′ (t)+2a x 2 ′ (t)ẋ 2 ′ (t)+ 1 2 h (3) (at+b)ẋ 2 (t) 2 = 0 is also linear on x 1 ′ (t), one has that geodesics are globally defined.
Then it follows from Theorem 4.3 that (T * R 2 , g D,Φ,T , f = h • π) is a geodesically complete steady gradient Ricci soliton, which is conformally Einstein by Theorem 6.1. 
